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THE FLUTTER OF TOWED R I G I D  DECELERATORS 

t' 

I 

By Richard H. MacNeal 
Astro Research Corporat ion 

SUMMARY 

The f l u t t e r  o f  a r i g i d  drag body towed behind a massive p r i -  
mary body by means of a f l e x i b l e  cable  is examined. Nyqu i s t ' s  
c r i t e r i o n  i s  used t o  show t h a t ,  i n  o rde r  t o  p reven t  f l u t t e r  f o r  
a l l  c a b l e  l e n g t h s ,  t h e  rea l  p a r t  of t h e  mechanical i n p u t  imped- 
ance t o  t h e  drag  body a t  t h e  c a b l e  a t tachment  p o i n t  must be pos i -  
t i v e  a t  a l l  f requencies .  This  r e s u l t  i s  used t o  d e r i v e  r e l a t i o n -  
s h i p s  between geometr ic  and aerodynamic parameters  t h a t  d e f i n e  
t h e  boundzry f o r  u n c o n i i t i o n a i  s t a b i l i t y  ( s t a b i l i t y  a t  a i l  c a b l e  
l e n g t h s ) .  

The m o s t  impor tan t  gene ra l  r e s u l t s  a r e  t h a t  s t a b i l i t y  i s  
improved by moving t h e  c a b l e  attachment p o i n t  forward and t h a t  
t h e  optimum p o s i t i o n  o f  t h e  c e n t e r  of g r a v i t y  i s  midway b e t w e e n  
t h e  c a b l e  a t tachment  p o i n t  and a modified c e n t e r  o f  p re s su re ,  
where t h e  mod i f i ca t ion  depends p r imar i ly  on C 

mq 

The r e s u l t s  of  t h e  gene ra l  a n a l y s i s  are app l i ed  t o  a c o n i c a l  
s h e l l  d e c e l e r a t o r  i n  Newtonian flow. It  is  shown t h a t  a c o n i c a l  
s h e l l  towed from i t s  apex and w i t h  uniform s u r f a c e  mass dens i ty  
i s  uncond i t iona l ly  s t a b l e  provided t h a t  t h e  semi-apex angle  ex- 
ceeds 1 5 . 5 O  . 

INTRODUCTION 

A towed aerodynamic d e c e l e r a t o r  system c o n s i s t s  of t h r e e  
elements ,  a s  shown i n  F igure  1: a drag body, a primary body o r  
payload,  and a f l e x i b l e  c a b l e  connecting t h e  t w o  bodies .  F l u t t e r  
of such systems has  been observed i n  wind t u n n e l s ,  so t h a t  t h e  
c o n d i t i o n s  under which f l u t t e r  can e x i s t  a r e  o f  i n t e r e s t .  

The fo l lowing  assumptions w i l l  be made concerning t h e  ele- 
ments of a towed d e c e l e r a t o r  system. 



Drag Body.- The drag  body is  r i g i d  and i s  connected t o  t h e  
c a b l e  a t  a forward apex. I t  i s  symmetrical  w i t h  re- 
s p e c t  t o  a t  l e a s t  two p l a n e s  and does n o t  s p i n .  

Primary Body.- The primary body i s  assumed t o  be so massive 
f t h a t  a l l  o f  t h e  drag  f o r c e  i s  t r a n s m i t t e d  t o  it, and 

t h a t  i t s  t r a n s v e r s e  motions a r e  n e g l i g i b l y  small .  
These assumptions correspond t o  wind tunne l  cond i t ions .  

Cable. - The cable is  f l e x i b l e  and i n e x t e n s i o n a l ,  i.e., it 
t r a n s m i t s  no bending o r  t w i s t i n g  moments and does n o t  
deform p a r a l l e l  t o  i t s  a x i s .  Aerodynamic f o r c e s  a c t i n g  
on t h e  cable are neglec ted .  The d i s t r i b u t e d  m a s s  o f  
t h e  c a b l e  i s  not neglec ted .  

I n  v i e w  of t h e  above assumptions,  t h e  system may be cons idered ,  
f o r  purpose o f  a n a l y s i s ,  as c o n s i s t i n g  o f  two o b j e c t s ,  t h e  
d rag  body and t h e  c a b l e ,  t h a t  move i n  a p l ane  and t h a t  i n t e r a c t  
w i t h  each o t h e r  by v i r t u e  o f  t h e  l a t e r a l  t r a n s l a t i o n  a t  t h e i r  
p o i n t  o f  connection. 
more, be descr ibed  by two q u a n t i t i e s  - r o t a t i o n  i n  t h e  p l a n e  of  
motion, and l a t e r a l  t r a n s l a t i o n  a t  t h e  p o i n t  of  connect ion t o  t h e  
cab le .  P o s i t i v e  s i g n  convent ions f o r  t h e s e  motions a r e  e s t a b l i s h -  
ed i n  F igure  1. 

The motions of t h e  d rag  body can, f u r t h e r -  

SYMBOLS 

aerodynamic damping c o e f f i c i e n t s ,  see 
Equation ( 5 )  2 2  

B r B  I B  r B  
1 1  12 2 1  

drag c o e f f i c i e n t  

p i t c h i n g  moment d e r i v a t i v e  of  p i t c h i n g  v e l o c i t y  

cD 

C 

C normal f o r c e  d e r i v a t i v e  of p i t c h i n g  v e l o c i t y  

C 

F e x t e r n a l  l a t e r a l  f o r c e  app l i ed  a t  cable at tachment  p o i n t  

m q  

nq 

na normal f o r c e  d e r i v a t i v e  of ang le  of  a t t a c k  

l a t e r a l  f o r c e  on cable 
C 

F 

2 



Fd l a t e r a l  f o r c e  on drag body 

h l a t e r a l  t r a n s l a t i o n  a t  cable  a t tachment  p o i n t  

I 

i = , j 7  

second moment of  i n e r t i a  about cab le  a t tachment  p o i n t  
b 

e f f e c t i v e  s p r i n g  cons t an t  of c a b l e  
C 

K 

K K 
12 1 2 2  

aerodynamic s t i f f n e s s  c o e f f i c i e n t s ,  s ee  Equation (5) 

k r a d i u s  of gy ra t ion  i n  p i t c h  about cab le  a t tachment  p o i n t  

r a d i u s  of gy ra t ion ,  i n  p i t c h ,  about c e n t e r  of g r a v i t y  

h e i g h t  of cone 

l eng th  of cab le  

0 
k 

'b 

.c 

4 d i s t a n c e  from cab le  attachment p o i n t  t o  center of g r a v i t y  

& d i s t a n c e  from cab le  attachment p o i n t  t o  c e n t e r  of pres -  

C 

cg 

CP u r e  

M mass of drag body 

m mass pe r  u n i t  l eng th  of cable  

d 
P = dt 
R base  r a d i u s  of drag body 

'd r e a l  p a r t  of 
Rd 

S f i r s t  moment of i n e r t i a  about cab le  a t tachment  p o i n t  

I T t ens ion  i n  c a b l e  

t t i m e  

imaginary p a r t  of Z 

imaginary p a r t  of 

C C 
X 

'd 'd 
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mechanical impedance of c a b l e ,  see Equation ( 4 )  
C 

z 

mechanical impedance of d rag  body, see Equation (6)  'd 

Y semi-apex ang le  of cone 

minimum semi-apex angle  f o r  uncondi t iona l  s t a b i l i t y  
yC 

6 see Equation ( 2 )  

0 p i t c h  angle  i n  i n e r t i a l  space 

w frequency, rad /sec  

1 = RC / 6  C nq c p  nu 

q = R2C /.e2 C mq c p  nu 

MATHEMATICAL REPRESENTATION OF THE CABLE 

Since t h e  m a s s  o f  t h e  f l e x i b l e  c a b l e  i s  d i s t r i b u t e d ,  it i s  
n o t  p o s s i b l e  t o  a c c u r a t e l y  describe t h e  motions of t h e  c a b l e  by 
means o f  a f i n i t e  s e t  of coord ina te s .  The motion of t h e  c a b l e  
a t  t h e  connect ion p o i n t  could be adequate ly  approximated by a 
small  number of v i b r a t i o n  modes. However, it is  m o r e  convenient ,  
i n  t h e  approach t o  be taken,  t o  d e s c r i b e  t h e  motion a t  t h e  con- 
nec t ion  p o i n t  by means of  t h e  fo l lowing  r e l a t i o n s h i p  between 
f o r c e  and displacement  der ived  i n  Appendix A. 

F 

h C 

C - -  - K = T 6 * c t n ( 6 t c )  

where  

6 = W E  

and 
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T = t ens ion  i n  cab le  

m = mass pe r  u n i t  l ength  of t h e  cab le  

G = l eng th  of t h e  cable  

u) = frequency, rad/sec 

C 

Note t h a t ,  f o r  IOJ = 0 , K = T/& i n  agreement wi th  elementary 

theory ,  and t h a t  a s  t h e  frequency increases ,  t h e  s t i f f n e s s  coef- 

t o  + m . I n  subsequent  work, use w i l l  be made of t h e  mechani- 
c a l  impedance of t h e  cab le  a t  r e a l  f requencies  

C C 

f i c i e n t  r epea ted ly  spans t h e  e n t i r e  range of va lues  from - 03 

d t  

I n  terms of t h e  d i f f e r e n t i a l  opera tor  p = i w  , 

I - \  

MATHEMATICAL REPRESENTATION OF THE DRAG BODY 

The r e l a t i o n s h i p  between fo rces  and motions of t h e  drag body 
is  represented  by t h e  fol lowing mat r ix  equat ion.  

The c o e f f i c i e n t s  B , B , B , B , K and K 

a r e  due t o  aerodynamic forces .  The r e l a t i o n s h i p  between these  
c o e f f i c i e n t s  and t h e  aerodynamic d e r i v a t i v e s  f o r  t h e  drag  body is  
presented  i n  Appendix B. The s i g n  convention f o r  motions (see 
Fig.  1) i s  such t h a t  a l l  c o e f f i c i e n t s  appearing i n  Equation (5)  
a r e  p o s i t i v e  i f :  

11 12 21 22 12 22 

(1) The c e n t e r  of g r a v i t y  i s  a f t  o f  t h e  connect ion p o i n t  
t o  t h e  cable .  

5 



( 2 )  The c e n t e r  of p re s su re  i s  a f t  o f  t h e  connect ion p o i n t .  

( 3 )  P o s i t i v e  angle  of a t t a c k  produces nega t ive  l i f t .  Note 
t h a t  t h i s  accounts  f o r  t h e  p o s i t i v e  s i g n  of K . 
It  i s  t h e  normal cond i t ion  f o r  b l u n t  drag bod ies ,  b u t  
n o t  f o r  l i f t i n g  bodies .  

1 2  

(4) Damping i n  p i t c h ,  C , i s  s t a b i l i z i n g .  

(5 )  The normal f o r c e  d e r i v a t i v e  of  p i t c h i n g  v e l o c i t y ,  C , 
mq 

nq 
i s  e i t h e r  p o s i t i v e  o r  no t  too l a r g e  a nega t ive  number. 

The mechanical impedance of t h e  drag body, a s  viewed from 
t h e  connect ion p o i n t  t o  t h e  cab le ,  i s  from Equation ( 5 ) :  

( -  K t B p + Sp”)(  B p + Spa) 
2 

(6) 
Fd 1 2  

+ €3 P + IP2)P  I K22 2 2  

- = B  + M p ’  Fd - - =  
‘d - K ph 11 

GENERAL THEORY 

The s t a b i l i t y  of t h e  d e c e l e r a t o r  s y s t e m  can be examined by 
consider ing t h e  r e l a t i o n s h i p  be tween l a t e r a l  t r a n s l a t i o n  a t  t h e  
connect ion p o i n t ,  and an e x t e r n a l  f o r c e  appl ied  t o  t h a t  p o i n t ,  

F = F  C + F  d = [ c  z + z  dI f i  ( 7 )  

where Z i s  t h e  mechanical impedance of t h e  c a b l e  and Zd i s  

t h e  mechanical impedance of t h e  drag body. For s e l f - e x c i t e d  
motions the e x t e r n a l  fo rce ,  F , i s  zero.  

C 

I n  genera l  t h e  c o e f f i c i e n t  Z + Zd is  a func t ion  of t h e  
C 

d i f f e r e n t i a l  ope ra to r  p = d/d t  . 
I n  the  p r e s e n t  i n s t ance  Zd i s  a r a t i o  of two polynomials 

given by  Equation (6), and Z i s  a t r anscenden ta l  func t ion  
C 

6 



given  by Equat ion (4) .  I t  is  shown i n  Laplace t ransform theory  .. 
t h a t  t h e  system i s  s t a b l e  provided t h a t  Z + Zd has  no r o o t s  

C 

w i t h  p o s i t i v e  r e a l  p a r t s ,  i .e. provided t h a t  t h e  zeroes  of  
z + Zd occur  i n  t h e  l e f t  h a l f  o f  t h e  p plane.  

C 
b 

The f u n c t i o n  Z + Z a l s o  has poles .  The po le s  corres- 
C d 

pond t o  e igenva lues  o f  t h e  system when it is r i g i d l y  r e s t r a i n e d  
a t  t h e  connec t ion  p o i n t  such t h a t  h = 0 i n  Equation ( 7 )  f o r  
any va lue  o f  t h e  c o n s t r a i n i n g  force ,  F . 

d 
The s i g n i f i c a n c e  o f  t h e  zeroes  and p o l e s  o f  Z + Z 

C 

r e s u l t s  from N y q u i s t ' s  theorem (Reference l), which is: - 
Consider t h e  f u n c t i o n  Z(p> which is r e g u l a r  except  a t  i s o l a t e d  
poles .  Then, i f  t h e  func t ion  Z(p) is  p l o t t e d  as p assumes 
va lues  a long  t h e  imaginary a x i s  f r o m  - m t o  + 00 , t h e  number 
of  t i m e s  t h a t  t h e  p l o t  e n c i r c l e s  t h e  o r i g i n  i s  equal  t o  t h e  
d i f f e r e n c e  between t h e  number of zeroes  and p o l e s  i n  t h e  r i g h t  
h a l f  o f  t h e  p plane.  - 

Hence, i f  it can be shown, on gene ra l  grounds, t h a t  

has  no p o l e s  i n  t h e  r i g h t  h a l f  plane,  then t h e  system w i l l  be 
s t a b l e  i f  t h e  Nyquist  p l o t  of Z + Z does n o t  e n c i r c l e  t h e  

o r i g i n .  The cond i t ion  €or  t h e  absence of p o l e s  i n  t h e  r i g h t  h a l f  
p l ane  i s  e a s i l y  demonstrated i n  the p r e s e n t  i n s t a n c e  s i n c e ,  a s  
observed above, t h e  p o l e s  of  Z + Zd are t h e  e igenvalues  o f  t h e  

system when r i g i d l y  r e s t r a i n e d  a t  the  cable connect ion p o i n t .  I f  
t h e  system i s  stable when so cons t ra ined ,  t h e r e  w i l l  be no p o l e s  
i n  t h e  r i g h t  h a l f  o f  t h e  p p lane .  

Z + Zd 
C 

C d 

C 

A r i g i d  c o n s t r a i n t  removes t h e  coupl ing  between t h e  drag  
body and t h e  cab le .  The cable w i l l  be stable i n  t h i s  c o n d i t i o n  
because,  by assumption, no aerodynamic forces - d e s t a b i l i z i n g  
o r  o the rwise  - a c t  on it. W e  can ,  i f  we l i k e ,  assume t h e  
e x i s t e n c e  of a smal l  amount o f  s t r u c t u r a l  damping i n  t h e  c a b l e  
t o  s h i f t  i t s  zeroes  and po le s  s l i g h t l y  t o  t h e  l e f t  o f  t h e  imagin- 
a ry  a x i s .  The drag  body is  stable when h i s  cons t r a ined  t o  
zero provided t h a t  K , B and I i n  Equat ion (5)  are a l l  

p o s i t i v e .  T h i s  cond i t ion  i s  assumed. Thus t h e  cons t r a ined  
2 2  2 2  

system i s  s t a b l e ,  z + Zd has  no p o l e s  i n  t h e  r i g h t  h a l f  p lane ,  

and t h e  towed d e c e l e r a t o r  w i l l  be s t a b l e  provided t h a t  t h e  p l o t  
of Z + Z as a func t ion  of frequency, does n o t  e n c i r c l e  t h e  

C 

C d 
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o r i g i n  as w v a r i e s  from - Q) t o  + a  . 
I t  i s  apparent ,  from Equat ion ( 3 )  t h a t  Z i s  r e s t r i c t e d  

t o  t h e  imaginary a x i s  f o r  p = i W  and t h a t  it repea ted ly  spans  
t h e  e n t i r e  a x i s  a s  frequency i s  va r i ed .  W e  w i l l  l a t e r  r e q u i r e  
more exac t  knowledge of  

assumed t h a t  t h e  p l o t  o f  
Zd 

c h a r a c t e r  shown i n  F igu re  2. 

C 

b u t  f o r  t h e  p r e s e n t ,  l e t  it be 'd 
a s  a f u n c t i o n  of frequency has  t h e  

The p l o t  o f  Zd f o r  UJ < 0 i s  t h e  m i r r o r  image about  t h e  

rea l  a x i s  of t h e  p l o t  f o r  19J 0 . The important  p rope r ty  of  
shown i n  F igu re  2 ,  i s  t h a t  i t s  r e a l  p a r t  i s  nega t ive  f o r  'd 

UJ < u) < w . While UJ i s  i n  t h i s  range,  l e t  it be assumed 

t h a t  t h e  p l o t  of Z moves upward a long  t h e  imaginary a x i s  from 
1 2 

C 

t o  X . That  Z always moves upward i s  apparent  from xcl c2 C 

Equat ion ( 3 ) .  

, it i s  apparent  t h a t  t h e  p l o t  'd 
Now if Z i s  added t o  

C 

< 0 and xdl  + 'cl 
of Z + Zd w i l l  e n c i r c l e  t h e  o r i g i n  i f  

C 

X + X > 0 . I f  t h i s  i s  t r u e ,  then  t h e  imaginary p a r t  o f  
d2 c2 

Z + Zd , namely X + Xd , must be zero a t  some p o i n t  i n  t h e  
C C 

i n t e r v a l  w < u) < W . Examination o f  F igu re  2 y i e l d s  t h e  

fol lowing theorems . 1 2 

has t h e  c h a r a c t e r  shown i n  F igu re  2: - 'd 

The system w i l l  be u n s t a b l e  i f ,  and only  i f ,  t h e  
imaginary p a r t  o f  + Zd vanishes  a t  some p o i n t  i n  

t h e  frequency i n t e r v a l  w i t h i n  which t h e  r e a l  p a r t  of 

'd 

I f  t h e  zeroes  o f  t h e  imaginary p a r t  of 

p - i w  are examined, t h e  system w i l l  be s t a b l e  i f ,  and 
on ly  i f ,  t h e  r e a l  p a r t  of 
zeroes .  

Z 
C 

is  negat ive .  

Z C + Zd f o r  

is  p o s i t i v e  a t  a l l  t h e  
'd 

If t h e  r e a l  p a r t  of Zd i s  always p o s i t i v e  f o r  

p = i W  , t h e  system w i l l  be stable.  

8 



W e  a r e  now prepared t o  examine t h e  ques t ion  of s t a b i l i t y  a s  
t h e  c a b l e  i s  payed o u t ,  i . e . ,  a s  the l eng th  of t h e  cab le  increa-  
from zero t o  some l a r g e  value.  During t h i s  process ,  t h e  va lue  
of Z a t  a given frequency, W , w i l l ,  from Equation ( 3 ) ,  assume 

t h a t ,  i f  t h e  r e a l  p a r t  o f  Zd is negat ive i n  any small  frequency 

range, a l eng th  of  cab le  can be found f o r  which t h e  imaginary p a r t  
of Z + Zd vanishes  w i t h i n  t h e  range. The system w i l l  t he re -  

f o r e  be uns t ab le  f o r  c e r t a i n  ranges of c a b l e  l eng th  a s  long a s  t h e  
r e a l  p a r t  of Zd 
rum. The only way t o  ensure s t a b i l i t y  dur ing  c a b l e  r ee l -ou t  i s  
t o  i n s i s t  t h a t  t h e  r e a l  p a r t  of 

cies. I f ,  on t h e  o t h e r  hand, it i s  only r equ i r ed  t h a t  t h e  system 

'd be s t a b l e  i n  i t s  f u l l y  deployed p o s i t i o n ,  t h e  requirement  on 

i s  l e s s  r e s t r i c t i v e .  Theorems (1) o r  ( 2 )  above may then be used 
t o  answer t h e  s t a b i l i t y  quest ion.  

C 0 

b a l l  va lues  from - i m  t o  + i w  . Therefore ,  it i s  i n e v i t a b l e  

C 

i s  negat ive  i n  any p a r t  of t h e  frequency spec t -  

Zd 
be p o s i t i v e  a t  a l l  frequen- 

The conclusions reached above have been p a r t i a l l y  v e r i f i e d  
by wind tunne l  tests. I n  such tests it is f r equen t ly  observed 
t h a t  t h e  towed d e c e l e r a t o r  passes  through a l t e r n a t i n g  reg ions  of 
s t a b i l i t y  and i n s t a b i l i t y  a s  t h e  length of cab le  is  increased.  

d It should no t  be s u r p r i s i n g  t h a t  t h e  requirement  t h a t  Z 

have p o s i t i v e  r e a l  p a r t  a t  a l l  f requencies  i s  s u f f i c i e n t  f o r  
s t a b i l i t y .  This  requirement  mere ly  s t a t e s  t h a t  t h e  d e c e l e r a t o r  
must absorb power, r a t h e r  than generate  power, when exc i t ed  by a 
l a t e r a l  f o r c e  a t  t h e  attachment point .  Wbat is perhaps less ob- 
vious i s  t h a t  t h e  same requirement i s  necessary  f o r  s t a b i l i t y  a t  
a l l  c a b l e  lengths .  

I n  t h e  remainder of t h i s  paper,  t h e  conserva t ive  requirement  
be p o s i t i v e  a t  a l l  f requencies  w i l l  be t h a t  t h e  r e a l  p a r t  of 

examined. This  requirement  w i l l  be termed "uncondi t ional  s t a b i l -  
i t y " ,  i . e . ,  s t a b i l i t y  f o r  a l l  values of cab le  length .  It i s  a l s o  
a r e a l i s t i c  requirement  f o r  d e c e l e r a t o r s  t h a t  may be used wi th  a 
v a r i e t y  of  cab le s .  

'd 
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REQUIREMENT FOR UNCONDITIONAL STABILITY 

The f i r s t  t a s k  i s  t o  compute t h e  rea l  p a r t  o f  Z = Rd + i X d  
C 

f r o m  Equation (6)  w i t h  p = i w  . I 

L 

I n  o r d e r  t o  s impl i fy  c a l c u l a t i o n ,  it w i l l  be assumed t h a t  t h e  
damping c o e f f i c i e n t s ,  B ’ s  , a r e  s m a l l  compared t o  t h e  m a s s  and 
s t i f f n e s s  t e r m s .  T h i s  i s  e q u i v a l e n t  t o  assuming t h a t  t h e  m a s s  
of t h e  drag body i s  large compared t o  t h e  m a s s  o f  t h e  f l u i d  it 
d i s p l a c e s .  T h i s  c o n d i t i o n  is  u s u a l l y  s a t i s f i e d  i n  supersonic  
f l i g h t .  E l imina t ing  second and h ighe r  power of t h e  B ’ s  , 
Equat ion (8) becomes 

1 - 
lK22- 

Rd - 

- I w 2 ) ”  + B 1 2  (Sur?)*(K 2 2  Ia) 
+ S d ’ ) * ( K  I s )  

2 1 I K l 2  2 2  
+ B  

+ S U P )  sLu2 
+ B 2 2 ( K 1 2  

(9 )  

The d e c e l e r a t o r  system has  uncondi t iona l  s t a b i l i t y  only  i f  
Rd i s  p o s i t i v e .  Using t h e  l i m i t i n g  c o n d i t i o n ,  R d = O ,  t o  

express  the  f l u t t e r  boundary, t h e  fo l lowing  q u a d r a t i c  equa t ion  
i n  i s  obta ined  

A& + B$ + C = 0 

where 

10 



A = B  1 2 + B  S 2 -  ( B  + B ) S I  
11 2 2  12  2 1  

B = - 2 B  K I + B  S K  + B  ( S K  - 1 K  ) + B  S K  
11 2 2  1 2  2 2  2 1  2 2  1 2  2 3  1 2  

b 

C = B  K2 + B  K K 
11 2 2  2 1  1 2  2 2  

I n  o r d e r  f o r  a f l u t t e r  boundary t o  e x i s t ,  Equation (10) 
m u s t  have a t  l e a s t  one p o s i t i v e  r e a l  r o o t ,  

w i l l  be p o s i t i v e  
5 +  2m> 0 .  

Rd 
P o s i t i v e  r e a l  r o o t s  w i l l  no t  occur and 

a t  a l l  f r equenc ie s  i f  A > 0 , C > 0 and 
With some rearrangement of Equation (11) t h e s e  cond i t ions  a r e ,  
assuming B and K t o  be inherent ly  p o s i t i v e  

11 2 2  

B 
+ B2L\s - > o  

1 + -1:)” B - [ 1; I 

B K  
1 + e-- > 0 

K 
11 2 2  

and 

+ B  B K $  
(14) 

11 11 

The t i m e  has  now come t o  convert  t h e  genera l ized  c o e f f i c i e n t s  
i n  t h e s e  equat ions  i n t o  c o e f f i c i e n t s  involv ing  t h e  phys ica l  pro- 
p e r t i e s  of t h e  drag body. Since S is t h e  f i r s t  moment of mass 
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about  the  c a b l e  a t tachment  p o i n t ,  and I i s  t h e  second moment, 
it fol lows t h a t  

L s - c g  - 
I k2 

where L i s  t h e  d i s t a n c e  from t h e  c a b l e  a t tachment  p o i n t  t o  

t h e  c e n t e r  of  g r a v i t y  and IC is  t h e  r a d i u s  of  g y r a t i o n  about  t h e  
attachment p o i n t .  The r a t i o s  o f  aerodynamic c o e f f i c i e n t s  ob- 
t a i n e d  from Appendix B a re :  

C 9  

K 

K 
22 

B RL C R2 C 
2 = & 2  + cp nq - , m q  

na 
C 

na 
B CP C 
1 1  

B RC 

B 
a=& +a 

CP ‘na 1 1  

B 
A = &  
B CP 
11 

where 

R = base  r a d i u s  of d rag  body 

6 = d i s t a n c e  from cable at tachment  p o i n t  t o  t h e  
cp c e n t e r  of p r e s s u r e ,  de f ined  a s  t h e  p o i n t  

about  which t h e  s t a t i c  aerodynamic moment is  
zero 

d 

= drag  c o e f f i c i e n t  
cD 

12 



c , c = c o e f f i c i e n t  of  fo rce  normal t o  t h e  a x i s  o f  t h e  
nu nq d i sp laced  body due, r e s p e c t i v e l y ,  to:  angle  of  

a t t a c k ,  and p i t c h i n g  v e l o c i t y .  

c = c o e f f i c i e n t  of moment due t o  p i t c h i n g  v e l o c i t y  
mq 

It i s  convenient  t o  d e f i n e  t h e  fol lowing parameters:  

RC 

t c  cp  nu 
x -  -2 

R2 C 
-2 

cp  nu ? l - -L2c  

S u b s t i t u t i n g  t h e  above r e s u l t s  i n t o  Equat ions ( 1 2 ) ,  (13) , 
and (14), t h e  requirements  f o r  uncondi t iona l  s t a b i l i t y  become 

and 

1 
B - 2 + ( 2  + A)- + 

1 1 1 + -(1 + x - 11) - ( 2  + x ) j  > 0 B2 

> o  cD - 
nu C 

na 
C 

(23) 
+ .(>)yl + F(1 1 + x - q)  - ( 2  + 

na 

I t  w i l l  be noted immediately t h a t  Equation ( 2 2 )  i s  always s a t i s -  
f i e d  fo r  any reasonable  aerodynamic body. 

Numerical va lues  of t h e  d e r i v a t i v e s  due t o  p i t c h i n g  v e l o c i t y ,  

1 3  



C and C , are n o t  e a s i l y  ob ta ined  from wind tunne l  measure- 

ments. They can be es t ima ted  t h e o r e t i c a l l y  us ing ,  f o r  example, 
Newtonian f low theory  i n  hypessonic  flow. The most t h a t  can be 
s a i d  wi thout  f u r t h e r  i n v e s t i g a t i o n  i s  t h a t  C i s  probably 

s m a l l ,  and t h a t  C i s  probably negat ive .  

nq mq 

nq 

mq 

I f  c and hence h is  omi t ted ,  Equat ion ( 2 1 )  becomes, 
nq 

upon m u l t i p l i c a t i o n  by P2 , 

and Equation (23 )  becomes, upon m u l t i p l i c a t i o n  by B , assumed 
p o s i t i v e  , 

The f l u t t e r  boundary is  ob ta ined  by conve r t ing  Equat ions (24 )  
and ( 2 5 )  i n t o  e q u a l i t i e s .  When t h i s  is done Equation. ( 2 5 )  may be 
solved f o r  P , g i v i n g  

(1 + >iq f 2p- ) ’ (q2  - q )  + 
na na B = 1 +  

1 - C D/Cna 

< 1 and t h e  ( - )  s i g n  The (9) s i g n  i s  t o  be used f o r  - 
na 

> 1 .  is t o  be used f o r  - 
na 

cD 
C 

cD 
C 

F l u t t e r  boundaries  a r e  p l o t t e d  i n  F igu re  3. 

Equation (24 )  prov ides  a f l u t t e r  boundary only  f o r  C > 0 . 
mq 

Equation (26 )  provides  a f l u t t e r  boundary on ly  f o r  C < 0 . The 

l a t t e r  s ta tement  is  t r u e  because fl a s  ob ta ined  from Equation (26 )  
mq 
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i s  complex f o r  0 < q < 1 and because, i f  q > 1 , B becomes 
22 

nega t ive  v i o l a t i n g  a b a s i c  assumption on which t h e  a n a l y s i s  i s  
based,  see page 9. S ince  normally C < 0 , Equation (26) 

mq 
is t h e  more important  f l u t t e r  boundary. 

b 

The fo l lowing  asymptotic behaviour of  Equation (26) is  noted: 

I f  

cD 

cD 

--1 
C na 

--0 
C nu 

cD 
--a 

na C 

r l - 0  

The parameter  B i s  d i r e c t l y  r e l a t e d  t o  t h e  i n e r t i a  proper- 
t i e s  of  t h e  drag  body and hence may be used t o  determine f l u t t e r  
free ba lance  cond i t ions .  The l a r g e r  t h e  va lue  o f  B , t h e  less 
s e v e r e  t h e  ba lance  requirement.  It i s  c l e a r  from t h e  asymptot ic  
behaviour  of B t h a t  a drag body f o r  which t h e  normal f o r c e  
c o e f f i c i e n t  is  approximately equal  t o  t h e  d rag  c o e f f i c i e n t  i s  
i n h e r e n t l y  more stable than  o t h e r  conf igu ra t ions ,  provided t h a t  
C i s  nega t ive .  

mq 

A u s e f u l  express ion  f o r  t h e  loca t ion  of  t h e  c e n t e r  of  g r a v i t y  
may be de r ived  by n o t i n g  t h a t  

k2 = .e2 + k2 0 
cg 

(32) 
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where k is t h e  r a d i u s  of  g y r a t i o n  about  t h e  c e n t e r  o f  g r a v i t y .  

Thus, employing t h e  d e f i n i t i o n  of  @ from Equation ( 2 0 )  t h e r e  
r e s u l t s  

0 

The p e r m i s s i b l e  range of  L f o r  C < 0 , obta ined  by 
cg  mq 

s o l v i n g  Equation ( 3 3 ) ,  i s  

where B i s  determined from t h e  aerodynamic requirements ,  
Equat ions (21 )  and ( 2 3 ) ,  o r  i n  c a s e  C = 0 , from F igure  3 .  

nq 
S ince  8 and 4 appe3r i n  product  form, t h e  product  84, 

CP CP 
w i l l ,  f o r  convenience,  be t e r m e d  t h e  d i s t a n c e  from t h e  at tachment  

a "modified" c e n t e r  of p re s su re .  

fo l lowing  conclus ions  can then  be drawn: 

Absence o f  f l u t t e r  cannot  be guaranteed u n l e s s  
B4, > 2k0 i .e.,  u n l e s s  t h e  d i s t a n c e  from t h e  

at tachment  p o i n t  t o  t h e  modified c e n t e r  o f  p r e s s u r e  
i s  g r e a t e r  t han  twice t h e  r a d i u s  o f  g y r a t i o n  i n  p i t c h .  

CP 

The optimum p o s i t i o n  f o r  t h e  c e n t e r  o f  g r a v i t y  i s  h a l f  
way between t h e  cable at tachment  p o i n t  and t h e  modified 
c e n t e r  o f  p re s su re .  

The most e f f e c t i v e  mechanical means fo r  p reven t ing  
f l u t t e r  is  t o  move t h e  cable at tachment  p o i n t  as f a r  
forward a s  p o s s i b l e .  Th i s  can be done by a t t a c h i n g  
a r e l a t i v e l y  r i g i d  s t i n g  t o  t h e  apex of  t h e  decelerator. 

The r e l a t i o n s h i p  desc r ibed  by Equat ion ( 3 4 )  i s  p l o t t e d  i n  
F igu re  4.  
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FLUTTER OF A TOWED CONE I N  NEWTONIAN FLOW 

I Consider t h e  c o n i c a l  d e c e l e r a t o r  shown i n  F igu re  5. The 
aerodynamic parameters  of a cone i n  Newtonian flow a r e  der ived  
i n  Appendix C ,  where it is  shown t h a t  

c = 2.cos2y 
na 

= 20sin”y 
cD ( 3  5) 

- 1  c =  mq g - s i n ” ~  

where R is t h e  base  r a d i u s  and Y i s  t h e  semi-apex angle .  
S ince  t h e  h e i g h t  of  t h e  cone 4, = R/tanY , t h e  r a t i o  of c e n t e r  of 
p r e s s u r e  t o  h e i g h t  i s  b 

2 .e 

‘b 
cp= 

3 cos2 Y 

Thus f o r  l a r g e  cone ang le s  t h e  c e n t e r  o f  p r e s s u r e  i s  w e l l  a f t  
of  t h e  base. 

S ince  c = 0 and c < 0 , Equation (26) may be used I 

nq mq 
d i r e c t l y  t o  o b t a i n  t h e  f l u t t e r  boundary. 
i n  Equat ion ( 3 5 ) ,  t h e  aerodynamic parameters r equ i r ed  i n  
Equation (26) a r e  

From t h e  r e s u l t s  s t a t e d  
I 
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- =  ‘D tan2y 
C 

na 

Hence, by in spec t ion  of Figure 3,  t h e  l a r g e s t  pe rmis s ib l e  va lue  
of B v a r i e s  from .875 ( f o r  Y = 0 ) ,  t o  ~0 ( f o r  Y = 45O), and 
back t o  1,125 ( f o r  Y = 90’). The exac t  f u n c t i o n a l  r e l a t i o n s h i p ,  
obtained by s u b s t i t u t i n g  from 
i s  

B = 1 -  

The (+) s i g n  i s  used f o r  
f o r  y < 45O. 

Equation (37) i n t o  Equation (26 ) ,  

1 f 3.sin2Y 
8 * ~ 0 ~ 2 y  

Y > 45O and t h e  (-) s i g n  i s  used 

I f  t h e  m a s s  of t h e  cone is  uniformly d i s t r i b u t e d  i n  a t h i n  
l a y e r  over i t s  s u r f a c e ,  t h e  d i s t a n c e  from t h e  apex t o  t h e  c e n t e r  
of  g r a v i t y  i s  

while  the  square of  t h e  r a d i u s  of g y r a t i o n  about  t h e  apex i s  

Hence, using t h e s e  r e l a t i o n s h i p s  and Equat ion (36) 

Comparing Equat ions (38) and ( 3 9 ) ,  it i s  seen t h a t  t h e  cone 
w i l l  f l u t t e r  a t  some c a b l e  l eng th  f o r  small  semi-apex angles ,  and 
t h a t  it is uncondi t iona l ly  s t a b l e  f o r  l a r g e  semi-apex angles .  The 
s m a l l e s t  value of y f o r  which t h e  towed c o n i c a l  s h e l l  i s  
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uncondi t iona l ly  s t a b l e ,  a s  obtained by equat ing  B i n  
Equat ions (38)  and (39) ,  i s  Y = 15.5O . 

C 

The r e s u l t  t h a t  towed cones with l a r g e  semi-apex angles  are 
uncondi t iona l ly  s t a b l e  c o n t r a d i c t s  a v a i l a b l e  experimental  r e s u l t s .  

Reference 2 i n d i c a t e  t h a t  cones with 30°, 35O and 40° s e m i -  
apex angles  are s t a b l e  b u t  t h a t  a cone wi th  a 45O semi-apex 
angle  i s  uns tab le .  I n s t a b i l i t y  appeared t o  be a s soc ia t ed  w i t h  
shock wave detachment. 

I T e s t s  i n  t h e  Mach N u m b e r  range from 1.57 t o  4.65 repor ted  i n  

Some i n s i g h t  i n t o  t h e  s t a b i l i t y  problem f o r  towed cones may 
be obta ined  from examination of Figure 6 where t h e  l o c a t i o n  of  the 
c e n t e r  of p r e s s u r e  p red ic t ed  by Equation (36) i s  compared w i t h  tk 
l o c a t i o n  requi red  f o r  s t a b i l i t y ,  as ob ta ined  from Equation (38) 
and t h e  formulas  f o r  4, and k2 . It w i l l  be observed t h a t  

s t a b i l i t y  a t  semi-apex angles  g r e a t e r  than 45O r e q u i r e s  a r a p i d  
rearward s h i f t  o f  t h e  c e n t e r  of pressure.  Newtonian impact 
theory  p r e d i c t s  such a s h i f t ,  whereas a v a i l a b l e  experimental  
evidence sugges t s  t h a t  it does n o t  occur  f o r  Mach numbers 
below 5. 

r 

cg 

F la red  cones a l s o  have a tendency toward i n s t a b i l i t y .  Super- 
son ic  measurements on f l a r e d  cones wi th  t ens ion  s h e l l  geometry 
(Ref. 3 ) ,  i n d i c a t e  t h a t  t h e  center of p re s su re  i s  loca ted  approx- 
imately $ base  r a d i u s  forward of t h e  base  r e g a r d l e s s  of  cone 
h e i g h t ,  and t h a t  t h e  r a t i o  of t h e  drag c o e f f i c i e n t  t o  t h e  normal 
f o r c e  c o e f f i c i e n t  i s  approximately equal  t o  5, both of  which a r e  
unfaborable  c h a r a c t e r i s t i c s  f o r  f l u t t e r .  It  has  been observed 
t h a t  t h e  s t a b i l i t y  of  a f l a r e d  cone can be improved by moving t h e  
c a b l e  a t tachment  p o i n t  forward and a l s o  by s h i f t i n g  t h e  c e n t e r  of 
g r a v i t y  forward, a s  p red ic t ed  by the r e s u l t s  contained i n  t h i s  
r e p o r t  . 

An important  conclusion of the p r e s e n t  study i s  t h a t  exper i -  
mental  measurements of c e n t e r  of p ressure  and normal f o r c e  co- 
e f f i c i e n t  w i l l  be r equ i r ed  i n  order  t o  permit  p r e d i c t i o n  of t h e  
f l u t t e r  c h a r a c t e r i s t i c s  of towed supersonic  d e c e l e r a t o r s .  

As t ro  Research Corporat ion 
Santa  Barbara,  C a l i f o r n i a ,  September 30, 1966. 
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APPENDIX A 

EFFECTIVE SPRING CONSTANT OF THE CABLE 

The d i f f e r e n t i a l  equat ion  f o r  t h e  c a b l e  i s  

wi th  t h e  boundary c o n d i t i o n s  

h = O  a t  x = O  

C 
F = T o r x  dh a t  x = 4 

C 

where 

h = l a t e r a l  t r a n s l a t i o n  o f  c a b l e  

m = mass p e r  u n i t  l e n g t h  

T = t e n s i o n  

F = f o r c e  app l i ed  t o  c a b l e  a t  f r e e  end 
C 

= l e n g t h  of  c a b l e  
&C 

A genera l  s o l u t i o n  t h a t  s a t i s f i e s  t h e  d i f f e r e n t i a l  equa t ion  
and t h e  boundary c o n d i t i o n  a t  x = 0 i s  

i w t  
h = e esin(6x)  

where 

6 = w  JT 
T (A-3 1 
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APPENDIX A (CONTINUED) 

The r e l a t i o n s h i p  between force  and displacement  a t  t h e  f r e e  
end is 

I 
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APPENDIX B. 

AERODYNAMIC COEFFICIENTS 

The aerodynamic f o r c e s  a c t i n g  on a drag  body are shown i n  
F igu re  B-1. 
which t h e r e  i s  no s teady  moment due t o  ang le  of a t t a c k .  

The c e n t e r  o f  p r e s s u r e  is  def ined  as t h e  p o i n t  about  

For small  motion t h e  aerodynamic f o r c e s  and moment about  t h e  
c e n t e r  of p r e s s u r e  i n  t h e  p i t c h  p l a n e  may be approximated by 

where t h e  C ' s  a r e  dimensionless  c o e f f i c i e n t s  and 

1 
q 

A = b a s e  a r e a  (= RR2)  

= dynamic p r e s s u r e  (= - * P V 2 )  2 

B 

r a t h e r  t han  t h e  a x i a l  force 
'D The drag  c o e f f i c i e n t ,  

c o e f f i c i e n t ,  C , is  used i n  Equat ion ( B - 2 ) ,  because t h e  two 

c o e f f i c i e n t s  a r e  i d e n t i c a l  a t  zero ang le  of a t t a c k  and because 
a 

is a more f a m i l i a r  t e r m .  
cD 

The angle  of  a t t a c k  measured t o  t h e  r e l a t i v e  wind v e l o c i t y  
i s  re lated t o  motion of t h e  drag  body by 

li 
8 - 3 2  

V a =  

When a i s  s u b s t i t u t e d  i n t o  t h e  aerodynamic f o r c e  equa t ions ,  
it i s  pe rmis s ib l e  t o  o m i t  t h e  t e r m s  p r o p o r t i o n a l  t o  5 . These 

CP 

2 2  
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t e r m s  r e p r e s e n t  an apparent  mass which w i l l  be n e g l i b l e  i n  most 
* p r a c t i c a l  cases. The r e s u l t  is 

F = qA [C [ e  - ? ] + ‘ [ C  li + C .);I n B na v nq na (B-5) 

w i l l  be omit ted ‘m& , and ‘nci , a; The c o e f f i c i e n t s  

f o r  conciseness .  Thei r  add i t ion  t o  t h e  d e r i v a t i v e s  of p i t c h i n g  
v e l o c i t y  is implied.  

I n  t h e  f l u t t e r  a n a l y s i s  t h e  l a t e r a l  f o r c e  and t h e  moment 
about  t h e  c a b l e  a t tachment  p o i n t  a r e  requi red  expressed i n  t e r m s  
of t h e  p i t c h  ang le  and t h e  l a t e r a l  t r a n s l a t i o n  a t  t h e  at tachment  
po in t .  For  t h i s  purpose,  c a l c u l a t e  

* 

and s u b s t i t u t e  

(B-10) 

S ince  w e  a r e  on ly  concerned w i t h  small  motions, w e  may set  
cos8 = 1 and s i n e  = 8 i n  (B-8) and r e t a i n  only t e r m s  

23 
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p ropor t iona l  t o  the  f i r s t  p o w e r  of t h e  displacements .  T h e  r e s u l t s  
are 

(B-12)  

R e f e r r i n g  t o  E q u a t i o n  ( 5 )  of t h e  main t ex t ,  it i s  seen t h a t  

K = qABGcpCna 
2 2  

B = -  *C 
11 V na 

1 2  - ""14 V cp C na + RC nq 
B -  

B =""I& V cp c na ) 
2 1  

. 
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APPENDIX C.  

AERODYNAMIC FORCES ON A CONE I N  NEWTONIAN FLOW 

The aerodynamic p r e s s u r e  on a s u r f a c e  i n  Newtonian flow i s  
given by 

P = Pv; 

where p is  t h e  h s n s i t y  and V i s  Lie component of  f low 

normal t o  t h e  s u r f a c e  i n  t h e  f r e e  stream. 
n 

Consider  t h e  cone shown i n  Figure C-1.  The wind d i r e c t i o n  
l i e s  i n  t h e  X , Z p lane  w i t h  angle o f  a t t a c k  a w i t h  

r e s p e c t  t o  t h e  a x i s  o f  t h e  cone a t  i t s  apex. The X and Z 
components o f  r e l a t ive  v e l o c i t y  f o r  s m a l l  va lues  of  a 

p i t c h i n g  v e l o c i t y ,  6 , a r e  

C 

and t h e  
C 

v = v - z 6  (C-2)  
X 

v = Vac  + xi, 
z 

(c-3) 

where X and Z are measured from t h e  apex. 

The d i r e c t i o n  c o s i n e s  of  t h e  inward normal t o  t h e  s u r f a c e  
i n  t h e  X and Z d i r e c t i o n s  a r e  

a = sinY 
X 

(c-4) 

a = - C O S Y * C O S C P  (c-5) 
z 

The component o f  v e l o c i t y  normal t o  t h e  s u r f a c e  is  

25 I 
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8 

v = a v + a v = sinYo(V - z ; )  - c o s ~ * c o s c p * ( ~ a  + xi)  (c-6) n x x  z z  C 

S u b s t i t u t i n g  Z = X*tany*cosCP , t h e  square  of t h e  normal 
component of v e l o c i t y  is 

I 

Retaining only t e r m s  t o  f i r s t  o r d e r  i n  a and 6 , and 
s u b s t i t u t i n g  i n t o  ( C - l ) ,  t h e  p r e s s u r e  i s  

- 2 * s i n ~ * c o s c p  

The a x i a l  and l a t e r a l  f o r c e  r e s u l t a n t s  a r e  obta ined  from 

Fa =/axpdA 

F n =[a Z pdA 

The p i t c h i n g  moment about  t h e  apex is  ob ta ined  from 

M =/[axZ - a X pdA 
Z I C 

The element of a r e a  is 

(c-9) 

((2-10) 

(c-11) 

tanY 
COSY 

d A  = - *xdxdq 

26 
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APPENDIX C. (CONTINUED) 
b 

S u b s t i t u t i n g  f o r  t h e  f a c t o r s  appearing i n  Equat ions (C-9), 
(c-IO), and (c-ll), and c a r r y i n g  ou t  t h e  i n t e g r a t i o n ,  w e  ob ta in  

F = qAB2*sin2Y ( t o  zero o rde r  i n  a and 8 )  (C-13) a C 

and 

F = qAB[2 *cos2 Y-CL + - *  
n c 3 V-tanY (C-14) 

(C-15) 

where 

1 
2 q = - - p 9  = dynamic p r e s s u r e  

= TTR2 = base area 
AB 

R = base r a d i u s  

The above r e s u l t s  may be p u t  i n t o  s t anda rd  form by a t r a n s -  
format ion  t o  t h e  c e n t e r  of pressure .  

The l o c a t i o n  of t h e  c e n t e r  of p r e s s u r e  is  ob ta ined  f r o m  

M (a) = M (a) + 6 F (a) = 0 CP C ci2 n 

so t h a t  from (C-14) and (C-15) 

(C-16) 

(C-17) 

Now t h e  ang le  o f  attack a t  the  apex i s  r e l a t e d  t o  t h e  angle  
of a t t a c k  a t  t h e  c e n t e r  o f  p re s su re  by 

27 
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.e 
cp .Q 
V a = a -  

C 
((2-18) 

, 

so t h a t ,  s u b s t i t u t i n g  i n t o  (C-14) 
7 

- 2.cos2Y* 
3 - tanY 

F = qAB 2*cos2Y*a + 
n 

(c-19) 

The c o e f f i c i e n t  o f  R6/V is  zero,  as may be seen by s u b s t i t u t i n g  
f o r  4, from ( C - 1 7 ) .  The moment about t h e  c e n t e r  o f  p r e s s u r e  i s  

CP 

M = M  + &  F 
C CP n 

(c-20) 

where t h e  va lue  o f  & h a s  been s u b s t i t u t e d  from ( C - 1 7 ) .  By 

comparing (C-13), (C-19), and (C-20) w i t h  Equat ions ( B - 1 ) ,  ( B - 2 ) ,  
and (B-3) of Appendix B,  it is  concluded t h a t ,  f o r  a r i g h t  
c i r c u l a r  cone i n  Newtonian flow, 

CP 

= 2 * s i n 2 y  cD 

= 2 * c 0 s 2 Y  
'na 

c = o  
nq 

c =  - 1  
m q  9*s in2Y 

(c-21) 
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